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Abstract
Using the updated ALEPH V − A spectral function from τ decays, we determine the lowest spectral moments of
the left-right correlator and extract dynamical information on order parameters of the QCD chiral symmetry breaking.
Uncertainties associated with violations of quark-hadron duality are estimated from the data, imposing all known
short-distance constraints on a resonance-based parametrization. Employing proper pinched weight functions, we
obtain an accurate determination of the effective chiral couplings Leff10 and C
eff
87 and the dimension-six and -eight
contributions in the Operator Product Expansion.
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1. Introduction
Very valuable information on perturbative and non-
perturbative QCD can be extracted from semileptonic τ
decays [1]. In this work we focus on the V − A spectral
function, that vanishes identically at all orders of pertur-
bation theory and enables us to extract non-perturbative
parameters free of perturbative uncertainties.
A detailed study of the V−A correlation function was
given in Refs. [2–4], using the published ALEPH τ data
[5]. The recent update of the ALEPH non-strange spec-
tral function [6], which incorporates a new unfolding
method that also corrects some problems in the corre-
lations between the unfolded mass bins [7], motivates
a re-analysis of the numerical estimates of low-energy
effective couplings performed in [2–4].
The starting point is the non-strange left-right (LR)
correlator Π(q2) ≡ Π(0+1)ud,LR(q2) ≡ Π(0)ud,LR(q2)+Π(1)ud,LR(q2),
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defined as follows:
Π
µν
ud,LR(q) ≡ i
∫
d4x eiqx 〈0|T (Lµud(x)Rν†ud(0)) |0〉
= (−gµνq2 + qµqν) Π(1)ud,LR(q2) + qµqν Π(0)ud,LR(q2) ,(1)
where Lµud(x) ≡ u¯(x) γµ(1 − γ5) d(x) and Rµud(x) ≡
u¯(x) γµ(1 + γ5) d(x).
Using analyticity, a QCD Sum Rule [8] can be used
to relate the correlator in the Euclidean region, where
it can be approximated by its short distance Operator
Product Expansion (OPE) [9], with its imaginary part in
the Minkowskian one, accessible experimentally at low
energies [4]:∫ s0
sth
dsω(s) ρ(s)
+
1
2pii
∮
|s|=s0
dsω(s) ΠOPE(s) + δDV[ω(s), s0]
= 2 f 2pi ω(m
2
pi) + Res[ω(s)Π(s), s = 0] , (2)
where sth = 4m2pi, ω(s) is an arbitrary weight function,
analytic in the whole complex plane except for a possi-
ble pole at the origin, ρ(s) ≡ 1
pi
Im Π(s) is the spectral
function, ΠOPE(s) =
∑
k
O2k
(−s)k is the OPE of the correla-
tor, and δDV[ω(s), s0] is the duality violating (DV) part,
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that arises from the difference between the exact corre-
lator and its OPE representation [3, 10–13]:
δDV[ω(s), s0]
≡ 1
2pii
∮
|s|=s0
dsω(s)
[
Π(s) − ΠOPE(s)
]
=
∫ ∞
s0
ds ω(s) ρ(s) . (3)
The relation (2) allows us to obtain different physical
parameters choosing appropriate weight functions ω(s).
If we take ω(s) = {s−2, s−1} the contour integral is 0 and
low-energy information can be obtained:∫ s0
sth
ds s−2ρ(s) = −δDV
(
1
s2
, s0
)
+ 2
f 2pi
m4pi
+ Π′(0)
= −δDV
(
1
s2
, s0
)
+ 16 Ceff87 , (4)
∫ s0
sth
ds s−1ρ(s) = −δDV
(
1
s
, s0
)
+ 2
f 2pi
m2pi
+ Π(0)
= −δDV
(
1
s
, s0
)
− 8 Leff10 . (5)
The effective couplings Leff10 and C
eff
87 are quantities that
can be written in terms of low-energy χPT constants [2].
We focus on the direct information that can be extracted
aplying these sum rules with the updated ALEPH data.
The determination of the corresponding Lr10 and C
r
87
couplings at O(p6) is not included in this work.
Taking ω(s) = {1, s} we obtain:∫ s0
sth
ds ρ(s) = −δDV (1, s0) + 2 f 2pi , (6)
∫ s0
sth
ds s ρ(s) = −δDV (s, s0) + 2 f 2pi m2pi , (7)
that in the s0 → ∞ limit, where the DV parts are 0, are
the first and second Weinberg Sum Rules (WSRs) [14].
On the other hand, the contour integral is not zero
anymore for ω(s) = {s2, s3}. It receives a contribution
from the OPE of the correlator:∫ s0
sth
ds s2ρ(s) = O6 − δDV
(
s2, s0
)
+ 2 f 2pi m
4
pi , (8)
∫ s0
sth
ds s3ρ(s) = −O8 − δDV
(
s3, s0
)
+ 2 f 2pi m
6
pi . (9)
We can take advantage of it to obtain the dimension-six
and -eight contributions in the OPE of the correlator.
Figure 1: Values of Ceff87 and L
eff
10 from equations (4) and (5), for dif-
ferent s0, neglecting duality violations.
2. Initial estimate of the effective couplings
Using the equations (4) and (5), we can estimate Ceff87
and Leff10 with the updated ALEPH spectral function [6].
If we neglect the duality violating term, we obtain dif-
ferent values of the couplings for different s0 (Figure 1).
As expected, the results are far from s0-independent at
low energies, where the DV terms are not negligible. At
higher energies the curve starts to stabilise, which could
indicate that duality violation effects are smaller than
the experimental errors. Notice however that in the case
of Leff10 , they are still observable.
Instead of weights of the form sn, we can try to
reduce duality violation effects using pinched weight
functions [12, 15], which vanish at s = s0 (or in the
vicinity), where the OPE breaks down. We will work
with pinched weight functions that are linear combina-
tions of one of the weight functions that determine an
effective coupling (s−2 or s−1) and the weight functions
that lead to the finite WSRs (6) and (7), which do not
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incorporate any new unknown physical parameters [2]:
ω1(s) =
1
s
(
1 − s
s0
)
, (10)
ω2(s) =
1
s
(
1 − s
s0
)2
, (11)
ω3(s) =
1
s2
1 − s2
s20
 , (12)
ω4(s) =
1
s2
(
1 − s
s0
)2 (
1 + 2
s
s0
)
. (13)
We can use these pinched weight functions to esti-
mate the same effective couplings with reduced DV ef-
fects. In Figure 2 we plot the values of the couplings,
for different s0, obtained with different pinched weight
functions. We observe how using them the results con-
verge and begin to be stable below s = m2τ, what could
indicate that duality violation effects become negligible
at s0 → m2τ. Assuming that, we obtain:
Leff10 = −(6.49 ± 0.06) 10−3 , (14)
Ceff87 = (8.39 ± 0.18) 10−3GeV−2 . (15)
3. Dealing with quark-hadron duality violations
Although the stability of the determinations of Ceff87
and Leff10 are necessary conditions for vanishing duality
violations, the plateau could be temporary. We want to
perform a more reliable estimate of the duality violation
effects, using the last expression in Eq. (3).
3.1. Parametrization
Fortunately, although we do not have experimental
access to the spectral function beyond s = m2τ, we have
some theoretical and phenomenological knowledge that
can be used. QCD tells us that the spectral function must
go to zero fast when s → ∞. Furthermore, we know
that WSRs and the so-called Pion Sum Rule (piSR),
that gives the electromagnetic mass difference of pions
[16], must be satisfied. However, this information is
not enough to know the shape of the spectral function.
We need an ansatz for the spectral function compatible
with that information and with the experimental data at
s ∼ m2τ. The parametrization we adopt is [3, 4, 17]:2
ρ(s > sz) = κ e−γs sin
[
β (s − sz)] , (16)
2In references [18, 19] the s-dependence of the resonance-based
model is assumed to be true for the V and A channels separately and
an analysis involving 9 parameters, including the strong coupling, is
performed.
Figure 2: Values of Ceff87 and L
eff
10 , using pinched weight functions and
neglecting duality violations.
where sz ∼ 2 GeV2. This parametrization incorpo-
rates the exponential fall-off and the oscillating be-
haviour predicted by the resonance-based model of
Refs. [10, 20, 21]. Because the exact s-dependence of
the spectral function at energies s > m2τ is not known,
we take Eq. (16) as an ansatz to estimate DV uncertain-
ties, trying to absorb the different possible shapes that
the spectral function can have, compatible with the the-
oretical and experimental constraints.
Fitting the parameters given in (16) to the ALEPH
data in the interval s ∈ (1.7 GeV2,m2τ) we obtain:
χ2min = 8.52 ∼ 9 = d.o.f. , (17)
which indicates that the parametrization is compatible
with the ALEPH spectral function. In fact, the fit with
the updated data is more reliable than the previous one,
where a value of χ2min/d.o.f.  1 was obtained [3].
3.2. Selection of acceptable spectral functions
Following the procedure described in [3], we create
2 · 107 randomly distributed tuples of the parameters
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(κ, γ, β, sz), in a rectangular region large enough to con-
tain all the possible acceptable tuples, which we defined
as those satisfying each of the following conditions [3]:
- The tuples must be within the 90% C.L. region in
the fit to the experimental ALEPH spectral function, in
the interval s ∈ (1.7 GeV2,m2τ).
- The tuples must satisfy the Weinberg and the pi Sum
Rules.
4. Determination of physical parameters including
DV uncertainties
For every accepted tuple we have an acceptable spec-
tral function3 that can be used in Eqs. (4), (5), (8) and
(9), with s0 = sz, to obtain different acceptable values
of the physical parameters. We build histograms with
those results, and from them we obtain:
Ceff87 = (8.406
+0.007
−0.006 ± 0.18) · 10−3 GeV−2
= (8.41 ± 0.18) · 10−3 GeV−2 , (18)
Leff10 = (−6.50+0.02−0.03 ± 0.08) · 10−3
= (−6.50+0.08−0.09) · 10−3 , (19)
O6 = (−5.4+3.0−2.4 ± 1.3) · 10−3 GeV6
= (−5.4+3.3−2.7) · 10−3 GeV6 , (20)
O8 = (−5+8−9 ± 2) · 10−3 GeV8
= (−5+8−9) · 10−3 GeV8 , (21)
where the first error corresponds to DV uncertainties,
computed from the dispersion of the histograms, and the
second error is the experimental one.
We can reduce the DV uncertainties with the pinched
weight functions used in Section 2 [4]. Following the
same method with them, we obtain new distributions of
acceptable physical parameters (Figure 3). From these
new distributions we get:
Ceff87 = (8.396
+0.004
−0.004 ± 0.18) · 10−3 GeV−2
= (8.40 ± 0.18) · 10−3 GeV−2 , (22)
= (−6.48 ± 0.05) · 10−3 , (23)
O6 = (−3.6+0.5−0.5 ± 0.5) · 10−3 GeV6
= (−3.6 ± 0.7) · 10−3 GeV6 , (24)
O8 = (−1.0+0.3−0.3 ± 0.3) · 10−2 GeV8
= (−1.0 ± 0.4) · 10−2 GeV8 . (25)
3Given by the ALEPH data below sz and by the parametrization
used above that value.
5. Conclusions
We have determined Ceff87 and L
eff
10 using the updated
ALEPH spectral functions [6] with the methods devel-
oped in [2–4]. Our preliminary results, obtained using
pinched weight functions in a statistical analysis that in-
cludes possible duality violation uncertainties compati-
ble with the ansatz of Eq. (16), are (22) and (23):
Ceff87 = (8.40 ± 0.18) · 10−3 GeV−2 , (26)
Leff10 = (−6.48 ± 0.05) · 10−3 . (27)
We find that DV errors are indeed subdominant, and
thus we find a good agreement with the estimates given
in Eqs. (14), (15), where DV was simply neglected, or
Eqs. (18), (19), where pinched weight functions were
not used. Furthermore, the results are in agreement with
those obtained in Ref. [19] using the same experimen-
tal data but a different analysis of DV effects (see foot-
note 2):
Ceff87 = (8.38 ± 0.18) · 10−3 GeV−2 , (28)
Leff10 = (−6.45 ± 0.05) · 10−3 , (29)
and the ones obtained with the non-updated spectral
function in [4]:
Ceff87 = (8.17 ± 0.12) · 10−3 GeV−2 , (30)
Leff10 = (−6.44 ± 0.05) · 10−3 . (31)
We notice nonetheless that the error in Ceff87 was signifi-
cantly smaller when the old dataset was used.
The statistical analysis used allows a determination
of the dimension-six and -eight OPE contributions. We
show here again our preliminary results, Eqs. (24) and
(25):
O6 = (−3.6 ± 0.7) · 10−3 GeV6 , (32)
O8 = (−1.0 ± 0.4) · 10−2 GeV8 , (33)
also compatible with the determinations performed in
Refs. [4, 19].
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Figure 3: Statistical distributions of Leff10 , C
eff
87 , O6 y O8 for the tuples
accepted using pinched weight functions.
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